Abstract. In the present paper, we consider the Cauchy problem of a system of quadratic derivative nonlinear Schrödinger equations which was introduced by M. Colin and T. Colin (2004) as a model of laser-plasma interaction. For the nonperiodic case, the author proved the small data global well-posedness and the scattering at the scaling critical regularity for d ≥ 2 when the coefficients of Laplacian satisfy some condition. We prove the well-posedness of the system for the periodic case under some condition for the coefficients of Laplacian. In particular, well-posedness is proved at the scaling critical regularity for d ≥ 5.
Introduction
We consider the Cauchy problem of the system of Schrödinger equations: Schrödinger equations with derivative nonlinearity ( [1] , [2] , [3] , [5] , [6] , [9] , [10] , [17] , [18] , [20] , [21] , [22] , [23] ).
Next, we introduce some known results for (1. 
of the system (1.1) on (0, T ). Such solution is unique in X sc r ([0, T )) which is a closed subset of X sc ([0, T )) (see (4.6) and (4.7)). Moreover, the flow map
is Lipschitz continuous.
(ii) If d ≥ 1 and s > max{s c , 0}, then (1.1) is locally well-posed in H s . More precisely, the statement in (i) holds for any r > 0 if we replace s c by s.
is the nonresonance condition for (1.1). Oh ([19] ) also studied the resonance and the nonresonance for the system of KdV equations. He proved that if the coefficient of the linear term of the system satisfies the nonresonance condition, then the well-posedness of the system is obtained at lower regularity than the regularity for the coefficient satisfying the resonance condition.
System (1.1) has the following conservation quantities (see [16] Proposition 7.1):
By using the conservation law for H, we obtain the following result.
We assume that α, β, γ ∈ R\{0} have the same sign and satisfy αβγ(1/α − 1/β − 1/γ) > 0 and α/β, β/γ ∈ Q. There exists r > 0 24] ). To obtain the well-posedness of (1.1), we show the following bilinear estimate.
for some δ > 0, where Notation. For λ ∈ R, we define the integral on T λ :
and the integral on T d :
We denote the spatial Fourier coefficients for the function on T d as
and the space time Fourier transform as
For σ ∈ R, the free evolution e itσ∆ on L 2 is given as a Fourier multiplier
We will use A B to denote an estimate of the form A ≤ CB for some constant C and write A ∼ B to mean A B and B A. We will use the convention that capital letters denote dyadic numbers, e.g. N = 2 n for n ∈ N and for a dyadic summation we write N a N := n∈N a 2 n and N ≥M a N := n∈N,2 n ≥M a 2 n for brevity. Let χ ∈ C ∞ 0 ((−2, 2)) be an even, non-negative function such that χ(s) = 1 for |s| ≤ 1. We define ψ 1 (|ξ|) := χ(|ξ|) and ψ N (|ξ|) :
We define frequency and modulation projections
for the set S ⊂ Z d and the dyadic numbers N, M, where χ S is the characteristic function of S. Furthermore, we define Q
functions for which the norm
The rest of this paper is planned as follows. In Section 2, we will give the definition and properties of the U p space and V p space. In Section 3, we will give the L 4 -Strichartz estimates on torus and the bilinear estimates. In Section 4, we will give the trilinear estimates and the proof of the well-posedness (Theorems 1.1, 1.3).
U p , V p spaces and their properties
In this section, we define the U p space and the V p space, and introduce the properties of these spaces which are proved in [12] , [13] and [14] . Throughout this section let H be a separable Hilbert space over C.
We define the set of finite partitions Z as
a "U p -atom". Furthermore, we define the atomic space
Definition 2. Let 1 ≤ p < ∞. We define the space of the bounded p-variation
with the norm
be a m-linear operator and I ⊂ R be an interval. Assume that for some 1 ≤ p, q < ∞ 
where implicit constant depends only on p and q.
Next, we define the function spaces which will be used to construct the solution.
, and for which the norm
is finite.
(ii) We define Y s σ as the space of all functions u :
−,rc (R; C), and for which the norm
Remark 2.2 ([12] Remark 2.23)
. Let E be a Banach space of continuous functions f : R → H, for some Hilbert space H. We also consider the corresponding restriction space to the interval I ⊂ R by
endowed with the norm ||u|| E(I) = inf{||v|| E |v(t) = u(t), t ∈ I}. Obviously, E(I) is also a Banach space. 
and σ ∈ R, we define
for t ≥ 0 and
and
Strichartz and bilinear Strichartz estimates
In this section, we introduce some L 4 -Strichartz estimates on torus proved in [4] , [14] , [24] and the bilinear estimate proved in [24] . 
Proposition 3.1 ([4] , [14] , [24] ). Let σ ∈ R, m ∈ Z\{0}.
(i) For any dyadic number N ≥ 1 and
(ii) For any C ∈ C N with N ≥ 1 and
for some δ > 0.
Remark 3.1. Implicit constants in the estimates (3.1)-(3.3) depend on m and σ.
By Propositions 2.3 and 3.1, we have following:
For any dyadic number N ≥ 1 and C ∈ C N , we have We get the following bilinear estimate.
for some δ > 0, where
where
If we prove
then we obtain
and the proof is complete by (2.3). The estimate (3.8) follows by interpolation between
via Proposition 2.4. The estimate (3.9) is proved by the Cauchy-Schwartz inequality and (3.5). While the estimate (3.10) follows from the estimate
and Proposition 2.3. Now, we prove the estimate (3.11). Put u j = e itσ j ∆ φ j (j = 1, 2). We note that u 1 u 2 is periodic function with period 2π|σ| −1 with respect to t since σ 1 /σ 2 = m 1 /m 2 ∈ Q.
We partition C 1 = ∪ k R 1,k and C 2 (C 1 ) = ∪ l R 2,l into almost disjoint strips as
where M = max{L 2 /H, 1}. The condition for k and l as above follows from |ξ 0 | ∼ H ≫ L. To obtain the almost orthogonality for the summation
we use the argument in
for any ξ 1 ∈ R 1,k and ξ 2 ∈ R 2,l . More precisely, there exist the constants A 1 ,A 2 > 0 which do not depend on k and l, such that ξ 1 ∈ R 1,k and ξ 2 ∈ R 2,l satisfy
Therefore, the expression P R 1,k P H u 1 · P R 2,l P H ′ u 2 are localized at time frequency
This implies the almost orthogonality:
By the Cauchy-Schwartz inequality and (3.3), we have
for some δ ′ > 0 and any
. Therefore, we obtain (3.11) by the L 2 -orthogonality and M ≤ L 2 /H + 1. To deal with large data at the scaling subcritical regularity, we show the following. 
for some δ > 0 and ǫ > 0, where
Proof. We first prove the case N 1 ∼ N 2 ≫ N 3 . By Corollary 4.1 in [24] , we have
for any p > 4, a > 0 and C ∈ C N with N ≥ 1. Therefore, for any ǫ ′′ > 0, there
, we use (3.13) with ǫ ′′ = (s − s 0 )/2, then we have
(3.14)
While by (3.10) with
for any s > s 0 , 0 < T ≤ 2π|σ| −1 and some δ ′ > 0. By interpolation between (3.14)
and (3.15) via Proposition 2.4, we obtain 
Trilinear estimates and the proof of the well-posedness
In this section, we give the trilinear estimates and prove Theorems 1.1, 1.3.
Proof. We define u j,T := 1 [0,T ) u j (j = 1, 2, 3). Furthermore for sufficiently large constant C, we put M := C −1 N 2 max and decompose Id = Q
. We divide the integrals on the left-hand side of (4.1) into eight piece of the form
. By the Plancherel's theorem, we have
where c is a constant. Therefore, Lemma 4.1 and max 1≤j≤3 |ξ j | = 0 imply that
So, let us now consider the case that Q
We consider only for the case Q
≥M since the other cases are similar. By the Cauchy-Schwartz inequality, we have
Furthermore by (1.3) and (2.2), we have
By using (3.12) instead of (1.3) in the proof of Proposition 4.2, we get following.
with max 1≤j≤3 |ξ j | = 0 for ξ j ∈ supp u j (t), we have
Next, we define the map
σ (f, g)(t), where
To obtain the well-posedness of (1.1), we prove that Φ is a contraction map on a
We consider only for small data since for large data at the scaling subcritical regularity is similar argument. Key estimates are the followings:
3)
Proof. We prove only (4.5) since (4.3) and (4.4) are proved by the same way. Let
and S := 3 j=1 S j , where (N max , N med , N min ) be one of the permutation of (N 1 , N 2 , N 3 ) such that N max ≥ N med ≥ N min . By Proposition 2.6, the Plancherel's theorem ,(4.1), we have
if max 1≤j≤3 |ξ j | = 0 for ξ j ∈ supp u j (t). Furthermore, we have 
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